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We examine gravitational wave memory in the case where sources and detector are in a ΛCDM
cosmology. We consider the case where the universe can be highly inhomogeneous, but the gravi-
tatational radiation is treated in the short wavelength approximation. We find results very similar
to those of gravitational wave memory in an asymptotically flat spacetime; however, the overall
magnitude of the memory effect is enhanced by a redshift-dependent factor. In addition, we find
the memory can be affected by lensing.
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I. INTRODUCTION
Gravitational wave memory, a permanent displace-
ment of the gravitational wave detector after the wave
has passed, has been known since the work of Zel’dovich
and Polnarev [1], extended to the full nonlinear theory
of general relativity by Christodoulou[2] and treated by
several authors [3, 4, 7–18]. See also heuristic ideas in a
weak field but no mentioning of memory [5, 6]. It has
been shown [11] that the memory found by Zel’dovich
and Polnarev in a linearized situation and the one by
Christodoulou in the nonlinear theory are two different
effects, the former (i.e. linear) called ordinary and the
latter (i.e. nonlinear) called null memory. The ordi-
nary memory is very small, whereas the null memory
is large enough to be detected by Advanced LIGO and
other experiments. Most of these works treat memory
in an asymptotically flat spacetime. However, we live in
an expanding universe, not an asymptotically flat space-
time. Furthermore, the sources of gravitational waves are
so rare that the ones that have been detected so far [19–
21] have been at distances at which the expansion of the
universe cannot be neglected. As the detectors become
ever more sensitive, one can expect detections due to
sources at even greater distances where the expansion of
the universe will be even more important.
A proper treatment of memory in an expanding uni-
verse is thus crucial. This has been done in [17] for
deSitter spacetime, and in [18] for a more general cos-
mology, but with a particular idealized source. Our
universe, however, has both ordinary and dark mat-
ter (which for cosmological purposes can be treated as
pressureless dust), as well as dark energy (which can
be treated as a cosmological constant). Although the
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universe started as a small perturbation of a Friedman-
Lemaˆıtre-Robertson-Walker (FLRW) spacetime, by the
present time these perturbations have grown to the point
that the local density is very far from that of the unper-
turbed cosmology. Thus a realistic treatment of memory
in our universe must treat the propagation of gravita-
tional waves through this highly inhomogeneous medium.
Furthermore, unlike the case of deSitter spacetime, the
dust equations of motion are coupled to those of the grav-
itational waves, so a consistent treatment of the gravita-
tional waves should take this coupling into account.
To treat these complications we take the following ap-
proach. We begin by dividing the region far from the
source into a “wave zone” and a “cosmological zone.”
Here the wave zone is taken to be the region where the
distance from the source is large compared to the wave-
length of the waves, but small compared to the Hubble
distance. In the wave zone, the fields that give rise to
memory will behave to an excellent approximation just
as they do in Minkowski spacetime. Thus the behavior of
the fields is essentially as given in [11]. The cosmological
zone consists of regions where the distance is not small
compared to the Hubble distance.
If we can determine how the waves change as they
propagate from the wave zone to the cosmological zone,
then this change, along with the results of [11], will allow
us to read off the behavior of memory in the expand-
ing universe. To treat this propagation in the cosmo-
logical zone, we will use the fact that the wavelength of
the gravitational waves is short compared to all other
length scales in the problem. We will therefore use the
short wavelength approximation of [22], though general-
ized from the vacuum case to the case with dust and a
cosmological constant. This approach is similar to that
of [23, 24], though explicitly taking into account the mat-
ter equations of motion and their coupling to gravity.
In this article, we derive the gravitational wave mem-
ory in both the wave zone and the cosmological zone. We
show that in the wave zone the memory is given via an
2expression involving the radiated energy per unit solid
angle. As the background in the wave zone is approx-
imated well by the Minkowski metric, this memory is
computed as in [11]. We also show that in the cosmolog-
ical zone the memory is given by the memory computed
for the wave zone multiplied by (1 + z)M , where z de-
notes the redshift and M is a magnification factor due
to lensing and the Sachs-Wolfe effect. The computations
are done with respect to the luminosity distance, which
in FLRW spacetimes is the natural replacement for the
r coordinate, recalling that in Minkowski spacetime the
luminosity distance is equal to r.
Our derivation of the ΛCDM memory makes use of the
results for asymptotically flat spacetimes [11] by the first
and second of the present authors and the short wave-
length approximation [22] by Choquet-Bruhat. We recall
that in [11] by a gauge-invariant method of perturbing
the Weyl tensor away from a Minkwoski background two
types of memories are computed, namely the null mem-
ory or Christodoulou memory and the ordinary memory
that dates back to Zel’dovich and Polnarev. A memory
tensor is derived that consists of exactly these two parts.
The null memory, which is much larger than the (tiny)
ordinary one, is due to energy radiated away to infinity
per unit solid angle whereas the ordinary memory is due
to changes in the (r, r) component of the electric part of
the Weyl tensor. Decomposing the memory into spheri-
cal harmonics it is shown that the major part of the null
memory is due to energy radiated in the l = 2 modes.
This paper restricts attention to the null memory, i.e.
Christodoulou memory. However, in cosmological space-
times there is no “null infinity”, which plays a crucial
role in analyzing radiation and memory in asymptotically
Minkowskian spacetimes. The solution to this problem
is provided first by our separate treatment of memory in
the wave and cosmological zones and by using the short
wavelength approximation. The latter [22] makes use of
the fact that the wavelength of the gravitational waves
is short compared to all other scales in the problem. In
particular, we consider a one-parameter family of space-
time metrics consisting of a background metric plus ω−2
times a radiative metric of frequency ω. The short wave-
length limit is then the limit for large ω. We start with
the background to be FLRW on large scales and add a
perturbation that takes into account the local inhomo-
geneities in our universe. We also express each compo-
nent of the stress-energy tensor in a similar way. Thus,
the spacetime metric and matter content are provided by
the tensorfields given in (2)-(4). In situations as studied
here, our spacetime metric solves the Einstein equations
asymptotically in the high frequency limit, that is to a
given order in 1/ω. An interesting feature analyzed is
that these perturbations can only be purely gravitational
or purely fluid. Therefore, doing a gravitational pertur-
bation, the fluid part vanishes at lowest order. It then
follows that the decay behavior of the gravitational wave
amplitude is given by a simple argument. In particular,
apart from gauge terms, it is computed using the diver-
gence of the null geodesic vector field introduced in the
next section. The inhomogeneities in our universe gener-
ate curvature that can interfere with the waves. As these
are traveling on null geodesics, we investigate the latter
and seek to understand how the Weyl curvature changes.
As light rays follow null geodesics, we explore what is
known about gravitational lensing in the corresponding
situation to show that the Weyl tensor is multiplied by a
magnification factor due to gravitational lensing. Hereby,
we use results obtained in [30]. Finally, knowing how
the Weyl curvature behaves, we use this in the geodesic
deviation equation to compute the memory in the two
different zones, and thereby derive the results mentioned
above.
The remainder of this paper is organized as follows.
Section II will treat the short wavelength cosmological
gravitational waves and will obtain a result for the be-
havior of the Weyl tensor as the waves propagate from the
wave zone to the cosmological zone. Section III will use
the results of Sec. II to obtain the cosmological memory.
Section IV contains our conclusions and the observational
implication of our work.
II. GRAVITATIONAL WAVES IN THE SHORT
WAVELENGTH APPROXIMATION
A. Field Equations
We want to consider waves in a cosmology that consists
of dust and a cosmological constant. However, we do not
want to assume that the spacetime is nearly FLRW, since
at the present time initially small density perturbations
have become large. Instead, we will use the approxima-
tion that the wavelength of the waves is short compared
to all other scales in the problem, and we will use the
weak progressive wave method of [22].
We begin with a background solution of the Einstein
field equations with dust and a cosmological constant.
This background solution consists of a metric g¯ab(x
µ), a
dust density ρ¯(xµ) and a four-velocity u¯a(x
µ) that satisfy
R¯ab −
1
2 R¯g¯ab + Λg¯ab − 8πρ¯ u¯au¯b = 0 . (1)
Here R¯ab is the Ricci tensor of g¯ab, R¯ is the scalar curva-
ture and Λ is the cosmological constant. This background
represents the cosmology of our evolving universe, which
we take to be FLRW on large scales, though with (pos-
sibly large) density contrasts on small scales.
This background, however, does not describe gravita-
tional waves or their sources. With this in mind, we
introduce another one-parameter family of tensor fields
gˆab(x
µ, ξ), ρˆ(xµ, ξ), uˆa(x
µ, ξ), and a scalar field φ(xµ).
These perturbations represent high-frequency deforma-
tions of the background that are uniformly bounded in
ξ, with the only restriction that the length scale of the
inhomogeneities is large compared to the much smaller
wavelength of the gravitational waves.
3The full spacetime and matter content of the universe
is then given by the one-parameter family of tensor fields
(gab, ρ, ua), which we write as
gab = g¯ab(x
µ) + ω−2gˆab(x
µ, ωφ(xµ)) . (2)
ρ = ρ¯(xµ) + ω−1ρˆ(xµ, ωφ(xµ)) , (3)
ua = u¯a(x
µ) + ω−1uˆa(x
µ, ωφ(xµ)) , (4)
where ω is the frequency of the perturbations. The fields
(gab, ρ, ua) represent our universe in the sense that they
satisfy the Einstein-fluid equations to the appropriate or-
der :
Rab −
1
2Rgab + Λgab − 8πρ uaub = O(ω
−2) , (5)
where Rab is the Ricci tensor of gab, and R is the scalar
curvature. Note that here the parameter ω plays a dual
role, both as the frequency of the perturbation and as
an inverse amplitude. The surfaces φ = const are wave-
fronts, since in the large ω limit the waves vary rapidly
in the direction perpendicular to them. Note also that
Eq. (5) describes the waves only in the region away from
their sources.
This approach is somewhat different from the usual
perturbative approach in general relativity. In the usual
perturbative approach, we assume that there is a one-
parameter family of metric tensor fields, where each
member of the family is an exact solution of the field
equations, but we only calculate that family to first or-
der in the parameter. In contrast, in the weak progressive
wave approach, the one-parameter family of metric tensor
fields is not expanded only to first order in the parame-
ter, but rather the field equations themselves, (Eq. (5))
are only satisfied to a given order in ω−1. The approach
is similar to that of Isaacson in [24], but differs from that
of Isaacson in [25] where the waves can be strong enough
that their effective stress-energy has a strong effect on
the background geometry. The factor of ω−2 in Eq. (2)
and conditions entailed by Eq. (5) ensure that no such
strong effect is present. Our approach will also differ from
the usual perturbative approach in that we never use the
diffeomorphism invariance of the theory to choose a par-
ticular gauge. Instead, in keeping with the methods of
[11, 17] all our calculations and results are stated in a
way that is manifestly gauge invariant.
We now compute the covariant derivative operator and
Riemann tensor of gab. For any one-form Aa, we have
exactly that [26]
∇aAb = ∇¯aAb − C
c
abAc , (6)
where ∇a and ∇¯a are the covariant derivative operators
of gab and g¯ab respectively, and where the difference ten-
sor Ccab is given by
1
Ccab =
1
2g
cd
(
∇¯agbd + ∇¯bgad − ∇¯dgab
)
. (7)
1 The formula for the difference tensor Cc
ab
is similar to that of
the Christoffel symbol Γc
ab
and indeed the Christoffel symbol of
a metric gab is the difference tensor between the covariant deriva-
tive ∇a and the coordinate derivative ∂a. See [26] for details.
Using Eq. (2) in Eq. (7) and expanding in 1/ω, we then
obtain
Ccab =
1
2 g¯
cd
[
ω−1(kagˆ
′
bd + kbgˆ
′
ad − kdgˆ
′
ab)
+ω−2(∇¯agˆbd + ∇¯bgˆad − ∇¯dgˆab)
]
+O(ω−3) , (8)
where ka = ∇aφ and gˆab is considered as a function of x
µ
and ξ. A prime denotes derivative with respect to ξ and
∇¯a takes derivatives only with respect to x
µ. It is only
once all these operations are performed that we evaluate
all quantities at ξ = ωφ(xµ).
Let us now compute the Riemann tensor to O(ω−1). A
standard result of general relativity is that the Riemann
tensor of a metric gab can be written exactly as
Rabc
d = R¯abc
d+∇¯bC
d
ac−∇¯aC
d
bc+C
e
acC
d
be−C
e
bcC
d
ae , (9)
where R¯abc
d is the Riemann tensor of the background.
From Eq. (8), it follows that terms quadratic in Ccab are
O(ω−2). Using Eq. (8) in Eq. (9), we obtain
Rabc
d = R¯abc
d +R
(0)
abc
d + ω−1R
(1)
abc
d +O(ω−2) (10)
where the tensors R
(0)
abc
d and R
(1)
abc
d are given by
R
(0)
abc
d = g¯de
[
kbk[cgˆ
′′
e]a − kak[cgˆ
′′
e]b
]
(11)
R
(1)
abc
d = g¯de
[
gˆ′e[a∇¯b]kc − gˆ
′
c[a∇¯b]ke
+ k[b∇¯a]gˆ
′
ce + kb∇¯[cgˆ
′
e]a − ka∇¯[cgˆ
′
e]b
]
. (12)
Contracting on indices b and d we find that the Ricci
tensor of gab takes the form
Rac = R¯ac +R
(0)
ac + ω
−1R(1)ac +O(ω
−2) . (13)
Here R¯ac is the Ricci tensor of the background, and the
tensors R
(0)
ac and R
(1)
ac are given by
R(0)ac = −
1
2k
bkbgˆ
′′
ac + k(aP
′′
c) , (14)
R(1)ac = −k
b∇¯bgˆ
′
ac −
1
2 (∇¯bk
b)gˆ′ac + ∇¯(aP
′
c) + k(aLc) ,
(15)
where we raise and lower indices with the background
metric, and the one-forms Pa and La are given by
Pa = gˆabk
b − 12kagˆ , (16)
La = ∇¯bgˆ
′
a
b − 12∇¯agˆ , (17)
with gˆ = gˆaa . The quantities Pa and La can be changed by
a gauge transformation, and indeed in the usual pertur-
bative approach the radiation gauge is used to set anal-
ogous quantities to zero. As stated before, we take a
gauge-agnostic view here, and thus, we will not impose
such gauge conditions.
B. Solutions to O(ω0)
We now consider the consequences of the field equa-
tions, Eq. (5). Equations (3) and (4) imply the matter
4terms give no corrections to the field equations at O(ω0).
Therefore, Eq. (5) implies that R
(0)
ab = 0. Thus at zeroth
order our results are the same as those of [22] for vac-
uum progressive waves. These results are comprised of
two cases:
• Case (i): kaka = 0.
It then follows from Eq. (14) that P ′′a = 0, but
then we must have P ′a = 0, since otherwise Pa
would grow linearly with ξ, and this would vio-
late our assumption that gˆab is uniformly bounded.
Since ka = ∇¯aφ, it follows from k
aka = 0 that
ka∇¯ak
b = 0, i.e. the waves propagate along null
geodesics.
• Case (ii): kaka 6= 0.
It then follows from Eq. (14) that gˆab takes the form
gˆab = k(asb) for some sa, but this is a pure gauge
mode. Consider a vector field ηa = ω
−3qa(x
µ, ωφ)
and act on the background metric g¯ab with a dif-
feomorphism along ηa. This produces a physically
identical metric that, to O(ω−2), takes the form
g¯ab + Lη g¯ab = g¯ab + ω
−2k(aq
′
b) . (18)
This is a gˆab metric of the form gˆab = k(asb), which
is thus a pure gauge mode.
For our purposes, a different way of seeing that a
perturbation of the form gˆab = k(asb) is pure gauge
is to note that from Eq. (12) and the vanishing
of R
(0)
ab it follows that to O(ω
0) the Weyl tensor
is C¯abcd + C
(0)
abcd where C¯abcd is the Weyl tensor of
the background and C
(0)
abcd is the zeroth order Weyl
tensor of the wave, which is given by
C
(0)
abcd =
[
kck[bgˆ
′′
a]d − kdk[bgˆ
′′
a]c
]
. (19)
Note then that a gˆab of the form gˆab = k(asb) leads
to a zero Weyl tensor of the wave.
C. Solutions to O(ω−1)
Let us begin by considering the equation of motion for
the matter fields. From the Bianchi identities and Eq. (5)
we obtain
∇a(ρ uaub) = O(ω
−1) , (20)
from which it follows that
ua∇aub = O(ω
−1) , (21)
ua∇aρ+ ρ∇au
a = O(ω−1) . (22)
Now using Eqs. (3) and (4) in Eqs. (21) and (22), we find
that to O(ω0)
kau¯auˆb = 0 , (23)
kau¯aρˆ+ ρ¯k
auˆa = 0 . (24)
From Eq. (23) it follows that either kau¯a = 0 or uˆa = 0.
However, kau¯a = 0 is not compatible with k
aka = 0 (if
ka is orthogonal to u¯a, then ka is spacelike and therefore
cannot be null). Thus, if we have a (not pure gauge)
gravitational wave, then we must have uˆa = 0. It then
follows from (24) that ρˆ = 0. In other words, the fluid
perturbation vanishes. In physical terms, what all this
means is that gravitational perturbations (which travel at
the speed of light) and fluid perturbations (which travel
at the speed of sound, in this case zero because the fluid
is dust) cannot have the same wavevector. Thus a per-
turbation with a single wavevector must be pure gravity
or pure fluid.
Let us now consider a non-trivial gravitational pertur-
bation. Since the fluid perturbation vanishes at lowest or-
der, it follows that R
(1)
ab = 0. That is, even to O(ω
−1) the
field equations reduce to that of vacuum. From R
(1)
ab = 0
and P ′a = 0 we obtain
− kb∇¯bgˆ
′
ac −
1
2 (∇¯bk
b)gˆ′ac + k(aLc) = 0 . (25)
That is, up to terms that are pure gauge, the fall-off of
the gravitational wave amplitude is determined by the
properties of the divergence of the null geodesic vector
field ka. This result can be stated in a manifestly gauge
invariant way as follows. Taking the derivative with re-
spect to ξ of Eq. (25) and using the result in Eq. (19) we
obtain
ke∇¯eC
(0)
abcd = −
1
2 (∇¯ek
e)C
(0)
abcd . (26)
D. Implications in Homogeneous Background
Spacetimes
We now consider the implications of Eq. (26) in
Minkowski spacetime and in an FLRW spacetime. Re-
call that the line element of Minkowski spacetime can be
written in spherical polar coordinates as
ds2 = −dt2 + dr2 + r2(dθ2 + sin2θdϕ2) . (27)
It then follows that ka (defined to be the affinely pa-
rameterized radial outgoing null geodesic) is given by
ka = ∇a(r − t) and therefore that ∇ak
a = 2/r. It then
follows from Eq. (26) that
ke∇e
(
r C
(0)
abcd
)
= 0 . (28)
Similarly, in FLRW spacetime the line element is
ds2 = −dt2 + a2(t)
[
dr2 + r2(dθ2 + sin2θdϕ2)
]
, (29)
and it then follows that
ka = ∇ar − a
−1∇at (30)
5and therefore, that
∇ak
a =
2
a2
(
a˙+
1
r
)
. (31)
However, it follows from Eqs. (29) and (30) that ka∇ar =
a−2 and that ka∇aa = a˙/a, and thus from Eq. (31) we
know that
∇ak
a =
2
ar
ka∇a(ar) . (32)
From Eq. (26) it then follows that
ke∇e
(
a r C(0)abcd
)
= 0 . (33)
E. Implications in an Inhomogeneous Background
Spacetimes
The background spacetimes we consider are FLRW on
large scales, but on small scales the null geodesics can en-
counter curvature that can lead to modifications in wave
propagation. How, then are we to take into account this
additional effect? Since light rays are described by null
geodesics, the effect of lensing on the brightness of a light
wave is given by an equation of the same form as Eq. (26).
We therefore expect that the additional effect of inho-
mogeneities is precisely to multiply the Weyl tensor by
a magnification factor due to gravitational lensing. In
this section, we will re-derive this result, using results
from [30].
Consider a scalar A that satisfies the equation
ke∇¯eA = −
1
2
A∇¯ek
e . (34)
We can then use this equation to rewrite Eq. (26) as
ke∇¯eC
(0)
abcd −A
−1C
(0)
abcdk
e∇¯eA = 0 . (35)
We recognize this expression as the product-rule dis-
tributed version of
ke∇¯e
(
A−1C
(0)
abcd
)
= 0 . (36)
The expression above can be used to calculate the
memory, if we can find an expression for A−1. Let us
thus specialize to an inhomogeneous FLRW spacetime
background, described by the line element
ds2 = − (1 + 2Φ) a2(τ)dτ2 + a2(τ) (1− 2Ψ) δijdx
idxj ,
(37)
where δij is the Kronecker delta and (Φ,Ψ) are matter
inhomogeneities that in principle depend on conformal
time τ (related to the time coordinate t via dt = a(τ)dτ)
and the Cartesian coordinates xi. Such a perturbed
FLRW spacetime suggests similar perturbative decom-
positions of other quantities, such as the scalar function
A = A0 (1 + ζ), where A0 and ζ are independent and
linearly-dependent on the matter inhomogeneities respec-
tively. By comparison with Eq. (33), we immediately see
that A0 = 1/(ar).
The part of A that is linearly proportional to the mat-
ter inhomogeneities can be obtained by solving Eq. (34)
linearized in (Φ,Ψ). This equation, in turn, depends
on the solution to the null-geodesic equation in the per-
turbed spacetime of Eq. (37). The calculation, using the
methods of [30], are given in appendix B. Here, we just
present the final result:
ζ = Ψ−Ψe
+
1
2
∫ λ
0
dλ′
(λ′)
2
∫ λ′
0
dλ′′ DAD
A(Φ + Ψ) . (38)
where λ is the affine parameter of null geodesics in the
non-expanding but inhomogeneous spacetime (Eq. (37)
with a(τ) set to unity), Ψe is the value of this Ψ at emis-
sion, and DAD
A is the laplacian on the unit two sphere.
The first term in the above equation corresponds to the
standard Sachs-Wolfe effect [31], while the second is a
magnification due to lensing [30]. The result in eqn. (38)
is similar to the corresponding equation in [30]; however,
we correct an overall minus sign in that reference, and
we improve the accuracy of the terms involving angular
derivatives.
With A calculated, we then find that Eq. (26) in the
spacetime of Eq. (37) simplifies to
kf ∇¯f
[
C
(0)
bcdear (1− ζ)
]
= 0 , (39)
where once more we have expanded in small matter in-
homogeneities. As we will see in the next section, the ζ
term magnifies the signal, thus magnifying the memory
effect.
III. COSMOLOGICAL MEMORY
We now apply the results of the previous section, and
in particular of Eq. (33), to gravitational wave memory.
Let us begin by introducing two 4-dimensional space-
time regions: the wave zone and the cosmological zone.
The wave zone is defined through the asymptotic relation
H−10 ≫ r ≫ λ, while the cosmological zone is defined
through r & H−10 , where r is the distance from the grav-
itational wave emitting source to a field point, λ is the
gravitational wave wavelength and H0 is the Hubble pa-
rameter today. In the wave zone, the FLRW background
spacetime can be well-approximated by the Minkowski
metric, while in the cosmological zone one must use the
full FLRW metric. Let us then imagine that a gravita-
tional wave is emitted at r0 = 0, detected first at r1 in
the wave zone and then detected again at r2 in the cos-
6mological zone2. The goal of this section is to compare a
memory measurement in the wave zone to another mea-
surement in the cosmological zone. We begin by consid-
ering the cosmological memory in a homogenous FLRW
background, and then conclude this section with a dis-
cussion of the effect of inhomogeneities.
Let us first recall some of the basic properties of
the gravitational wave memory [11]. For two nearby
geodesics with four-velocity ua and separation sa acted
on by a gravitational wave with Weyl tensor Cabcd, the
geodesic deviation equation requires that
s¨a = −Cabcdu
bscud (40)
where an overdot denotes derivative with respect to the
proper time of the geodesics. For simplicity we assume an
initial displacement orthogonal to the direction of prop-
agation of the wave, and we consider only the memory
due to energy radiated to infinity [2]; we use capital let-
ters to denote indices in this two-sphere of orthogonal
directions.
Measurements in the wave zone can be related to mea-
surements in the cosmological zone through the definition
of the luminosity distance. In Minkowski spacetime, the
luminosity distance is the same as the usual r coordi-
nate, but in an FLRW spacetime this is not the case,
since the FLRW r coordinate does not have a physical
meaning by itself. The luminosity distance is defined
as dL = [P/(4πF )]
1/2, where P is the power of a light
source and F is the flux through a sphere of radius equal
to the luminosity distance. Because the time of flight
and the frequency of photons and gravitons redshifts as
they propagate in an expanding universe, we then have
that dL = ra(1 + z), where z is the redshift and a is the
scale factor at the location of the measurement. For the
general treatment we present in this paper, we will find
it convenient to express all of our results in terms of dL.
Equation (40) implies that after the wave has passed
there will be a residual change in the separation ∆sa. Let
the original separation s be in the B direction. Then the
change in separation ∆s in the A direction is given by
∆s = −
s
dL
mAB (41)
where the memory tensor mAB is given by
mAB =
∫ ∞
−∞
dt˜
∫ t˜
−∞
dt (dLCabcdx
aubycud) . (42)
Here xa and ya are respectively unit vectors in the A and
B directions. For simplicity, we treat the case where xa
2 Note that these conventions are opposite to those used in [30],
where the observer is at the end of the gravitational wave world-
line. This, for example, affects the sign of the ni vector, which
should point in the direction of arrival of the gravitational wave.
However, since only even powers of ni enter our equations, the
signals cancel and the results are the same.
and ya are orthogonal to the direction of wave propaga-
tion. One can write a similar expression for the differen-
tial change in arm length given a gravitational wave at a
generic sky location through the inclusion of an antenna
pattern tensor, as we will show in appendix A.
In a spacetime with a Minkowski background, there is a
relation between the memory tensormAB and the energy
radiated to null infinity. Specifically, let F (θ, ϕ) be the
energy per unit solid angle radiated to infinity in the
direction given by the two-sphere coordinates (θ, ϕ) and
let DA be the derivative operator on the unit two-sphere.
Then mAB is the unique traceless tensor satisfying
DAmAB = DBΦ (43)
where Φ is the solution of
DADAΦ = −8π(F − F[1]) (44)
and F[1] is the sum of the ℓ = 0 and ℓ = 1 pieces of F .
Equations (40-42) are general and thus apply both at
r1 with a memory tensor m
(1)
AB and at r2 with a memory
tensor m
(2)
AB. Equations (43-44), on the other hand, are
specific to spacetimes with a Minkowski background and
thus apply only at r1. Thus, our strategy for calculating
cosmological memory is as follows: m
(1)
AB is determined
by the local (i.e. at r1) F using the usual Minkowski
spacetime methods. Then, using Eqs. (33) and (42) we
will determine a relation between m
(2)
AB and m
(1)
AB, and
thus, allow the determination of m
(2)
AB from the local F .
Let wa, za and qa be the vectors that start as ua, xa
and ya respectively at r1 and are parallel propagated
along ka toward r2. With these definitions in hand, it
then follows from Eq. (33) that the quantity
a r C
(0)
abcdz
awbqcwd = constant (45)
along the null geodesic to which ka is tangent, and there-
fore this quantity is the same at r2 as it is at r1. However,
it follows from the properties of FLRW spacetimes that
za = xa and qa = ya and
wa =
1
2a1
[
2aua + (a21 − a
2)ka
]
(46)
where a1 = a(t1) and t1 is the time at which the gravita-
tional waves cross r1, which for our purposes is essentially
the time the waves are emitted. However, it follows from
Eq. (19) that kaC(0)abcd = 0, and then from Eqs. (45)
and (46) that
a3 r C
(0)
abcd x
aubycud = constant (47)
along the null geodesic to which ka is tangent, and there-
fore, this quantity is the same at r2 as it is at r1:(
a31 r1
)
C
(0)
abcd x
aubycud
∣∣∣
r=r1
=
(
a32 r2
)
C
(0)
abcd x
aubycud
∣∣∣
r=r2
,
(48)
7where a1,2 = a(t1,2) and t1,2 is the time when the gravi-
tational wave is detected at r1,2.
Let us use this relation to express the memory in terms
of the luminosity distance and the redshift. For the grav-
itational waves of interest to us, the luminosity distance
from the source to the wave zone measurement at r1 is
simply d
(1)
L = r1a1(1 + z1) ∼ r1a1, while the luminosity
distance from the source to the cosmological measure-
ment at r2 is d
(2)
L = d
(1)
L + r2a2(1 + z2) ≈ r2a2(1 + z2),
where z1 ≪ 1 is the redshift between r0 and r1 and
z2 = 1 − a2/a1 is the redshift between r0 (or r1) and
r2. Thus, it follows from Eq. (48) that
dL2 (1 + z2) C
(0)
abcd x
aubycud
∣∣∣
r=r2
= dL1 C
(0)
abcd x
aubycud
∣∣∣
r=r1
(49)
We can now use this expression in Eq. (42), together with
the fact that dt at r2 is 1 + z2 times dt at r1 to find
m
(2)
AB = (1 + z2)m
(1)
AB . (50)
This would be the result if the spacetime were ex-
actly FLRW without matter inhomogeneities. As we dis-
covered in Sec. II E, matter inhomogeneities introduce
a lensing correction to the amplitude of gravitational
waves. Following the same reasoning as above and us-
ing Eq. (39), we then find
dL2 (1 + z2)(1− ζ2) C
(0)
abcd x
aubycud
∣∣∣
r=r2
=
dL1 C
(0)
abcd x
aubycud
∣∣∣
r=r1
, (51)
where the contribution of ζ at r1 vanishes because it is
very close to the emission point λe. Using again Eq. (42)
and expanding about ζ2 ≪ 1, we then find
m
(2)
AB = (1 + z2) (1 + ζ2)m
(1)
AB (52)
where ζ2 induces a magnification or a demagnification
(analogous to focusing and de-focusing) of the signal.
This result is consistent with the analysis of [30] and the
results of [17, 18].
IV. ASTROPHYSICAL IMPLICATIONS
We have seen that the gravitational wave memory ac-
quires a redshift enhancement and a lensing correction
when the gravitational waves travel large cosmological
distances through matter inhomogeneities. Let us now
study the degree to which these inhomogeneous and cos-
mological modifications affect astrophysical observations
with gravitational waves.
Current (second-generation), ground-based detectors
are sensitive only to low redshift sources. This is be-
cause ground-based instruments operate in the hecto-Hz
range, allowing for the detection of black hole mergers
with masses not larger than O(102M⊙), which restricts
the detection range to redshifts below O(10−1). This
immediately implies that the redshift magnification will
not exceed of order 10%, while lensing modifications are
probably an order of magnitude smaller than that. Such
small modifications will not magnify the gravitational
wave memory enough to make it detectable with single
observations. Recent work has suggested that the stack-
ing of multiple observations may make the memory effect
detectable [32], and here including the redshift magnifica-
tion will probably be important, although lensing is un-
likely to matter. Fortunately, the waveform models that
the LIGO collaboration uses already include the redshift
magnification, and thus, no modifications to the analysis
are needed.
Once the next generation (third-generation) gravita-
tional wave detectors come online, the redshift enhance-
ment of the memory will become very important and
lensing might also need to be included. The gravitational
wave community is currently studying the possibility of
upgrading the current aLIGO detectors (e.g. Voyager,
Cosmic Explorer, Einstein Telescope) within the next
one or two decades [33, 34]. Such detectors will have a
significantly improved sensitivity that will allow for the
detection of gravitational waves emitted at much larger
redshift. For such events, the redshift magnification will
enhance the gravitational wave amplitude by an order of
magnitude, while lensing may affect it by O(10%). Re-
cent work that included the redshift magnification sug-
gests that such third-generation detectors may be able
to detect the memory without need of stacking (ie. with
single events) [35]. The statistical combination of mul-
tiple events detected with third-generation observatories
may also allow for the mapping of the lensing potential,
although it is not clear how important this modification
in the memory part of the signal will be.
Space-borne detectors, such as LISA [37], are also be-
ing planned by both the European Space Agency and
NASA, with an expected launch date of early 2030s. Such
space-borne detectors will detect gravitational waves in
the milliHz frequency range, allowing for the detection
of supermassive black hole mergers (with masses as large
as O(107M⊙) at redshifts as large as 10. Clearly, for
such events the redshift magnification will increase the
amplitude of the signal by an order of magnitude and
the focusing or defocusing effect of lensing will also be
important. Recent work has suggested that such obser-
vations will also be able to detect the memory effect with
single events [35]. Here again, the inclusion of the red-
shift magnification to the memory is crucial, although it
is less clear how relevant the lensing correction is. Fortu-
nately, the LISA community already has waveform mod-
els that include both the redshift magnification and the
lensing correction calculated in this paper, so no addi-
tional model-building is necessary. It would be interest-
ing to see if the lensing correction to the memory can
contribute to the mapping of the lensing potential with
many LISA observations, as has been argued could be
possible with the non-memory part of the signal [30, 36].
8Last but not least, gravitational waves may also soon
be detected in the nano-Hz range with pulsar timing ar-
rays [38]. The idea here is to cross-correlate the signal of
multiple pulsars to disentangle any correlated residuals
in the times of arrival of the pulses. Because of their fre-
quency of operation, pulsar timing arrays are expected
to detect gravitational waves produced in the mergers of
supermassive black holes (with masses of O(109−−1010)
at redshifts of O(5 − −10). Once again, the inclusion of
the redshift enhancement and the lensing correction to
the memory should also be important in the extraction
of the memory from pulsar-timing gravitational wave ob-
servations. Work along this line has only recently begun
and is currently ongoing.
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Appendix A: Propagation of Gravitational Waves on
an FRLW Background
For a compact binary inspiral, the wave zone, GWmet-
ric perturbation can be projected to a + and × basis to
obtain (to leading post-Newtonian order)
hMink+ (t) =
[
M5/3
rMink
fs(t)
2/3
]
cos [2iΦ(t)] e+ , (A1)
hMink× (t) =
[
M5/3
rMink
fs(t)
2/3
]
sin [2iΦ(t)] e× , (A2)
where e+,× are projections of the polarization basis ten-
sors on the detector’s antenna pattern tensor. The term
in square brackets is the chirping amplitude, which de-
pends on the time-dependent frequency at the source
fs(t), the flat-space coordinate distance from the source
to the observer rMink and the chirp mass M = η
3/5m,
with η = m1m2/m
2 the symmetric mass ratio and
m = m1 + m2 the total mass. The oscillatory part of
the GW is a function of the time-dependent orbital phase
Φ(t), which will not play an important role in this dis-
cussion.
The GW modes presented above arise from solving the
linearized Einstein equations in a given (Lorenz) gauge
through Green functions with asymptotically flat bound-
ary conditions, i.e. a no-incoming wave condition that
requires the metric asymptotes to Minkowski spacetime
ηab at future null infinity. Earth, however, is not in
the wave zone where one can approximate spacetime as
Minkowski, but rather it is in the cosmological zone,
where spacetime is described by an FLRW metric. The
line element of the latter can be written in the form
ds2
FLRW
= a2(η)ηabdx
adxb , (A3)
where η is conformal time.
How does one then modify the GW solutions of Equa-
tions (A1-A2) to account for their propagation on an
FLRW background? The simplest way to do it is to use a
recipe attributed to Thorne [28], which actually derives
from an analysis of the evolution of the metric pertur-
bation in an FLRW spacetime. The recipe consists of
performing the following actions on Equations (A1-A2):
1. Replace rMink with the luminosity distance DL,
2. Replace fs with the observed frequency fo,
3. Replace M with the redshifted chirp mass Mz =
(1 + z)M,
which then leads to
hFLRW+ (t) =
[
M
5/3
z
dL
fo(t)
2/3
]
cos [2iΦ(t)] e+ , (A4)
hFLRW× (t) =
[
M
5/3
z
dL
fo(t)
2/3
]
sin [2iΦ(t)] e× , (A5)
To our knowledge, a mathematical explanation of this
recipe dates back to [28], although different parts of
the analysis have been rediscovered over the years [27,
29]. Less mathematical explanations have certainly ap-
peared in the literature. From a physical viewpoint,
the Minkowski radial distance rMink is nothing but the
co-moving proper distance dM , and when converting
this to the luminosity distance via dM = dL(1 + z)
−1
and the observed frequency to the source frequency via
fs = (1 + z)fo, one obtains Eqs. (A4)-(A5). From a
field-theory viewpoint, the GWs we observe in the cos-
mological zone are given by the action of a plane-wave
propagator acting on the GWs in the wave zone, namely
hFLRW+,× (t) = Pˆ
[
hMink+,×(t)
]
=
e−iωt
1 + z
hMink+,×(0) , (A6)
where ω is the angular frequency of the GW and the
factor of 1 + z arises due due to Hubble dilution.
In what follows we put several pieces that have ap-
peared in the literature together to provide a modern,
pedagogical and mathematical derivation of Thorne’s
recipe. We begin by considering the propagation of a
GW in a FLRW universe. Let the line element be
ds2 = a2(η) (ηab + h
FLRW
ab ) dx
adxb , (A7)
and insert this metric into the Einstein equations, ex-
panding in |hab| ≪ |ηab|. We will now assume that
the fluid equations decouple from the metric perturba-
tion equations in the high-frequency limit, as we demon-
strated in Sec. II. With this assumption in mind and to
9zeroth-order in perturbation theory, one finds the Fried-
man equations for the scale factor, which we can solve for
any energy component for the Universe. To first order in
perturbation theory, one finds
FLRWh
FLRW
ab = 0 , (A8)
after imposing the Lorenz gauge. The differential opera-
tor on FLRW is simply
FLRW = ∂
2
η − δ
ij∂ij + 2H∂η , (A9)
where H = a′/a and primes denote partial differentiation
with respect to conformal time.
Let us now use the geometric optics approximation
(also known as the short-wavelength approximation or
the WKB approximation) to express an ansatz for the
solution to this differential equation:
hFLRWab = Aab(η)e
−i[φ(η)−κnkχ
k] , (A10)
where κ is the conformal wavenumber, nk is a spatial
unit vector (pointing in the direction of propagation of
the wave), χi is a conformal spatial coordinate and φ(η) is
assumed to vary much more rapidly than the amplitude
tensor Aab(η), i.e. A
′/A ≪ φ′. With this ansatz, the
propagation equation reduces to[
κ2 − 2iHφ′ − (φ′)2 − iφ′′
]
hab = 0 . (A11)
Alternatively, one can also arrive at this equation
through a Fourier analysis of Eq. (A8).
The dispersion relation in Eq. (A8) is a differential
equation for φ. One can solve this equation easily if one
assumes that φ′′ ≪ (φ′)2 and that H′ ≪ H2. The second
condition is true in cosmology, unless one is considering
the inflationary era. The first condition is true when
f ′ ≪ f2; this, for example, holds during the inspiral of
compact binaries. With these conditions, one then finds
that
φ′ = −iH± κ
(
1−
H2
κ2
)1/2
= ±κ− iH+O
(
H2
κ
)
,
(A12)
since H/κ≪ 1 for the sources we have in mind, and then
φ = ±κη − i
∫ o
s
Hdη = ±κη − i ln
(
ao
as
)
. (A13)
for κ nearly constant.
With this at hand, we can now reconstruct the propa-
gated GW:
hFLRWab = Aab(η) e
−iκ(±η−nkχ
k)−ln( aoas ) ,
=
Aab(η)
1 + z
e−iκ(±η−nkχ
k) , (A14)
where we have used that as/ao = (1 + z)
−1. This result
is sensible because one expects the GW amplitude to be
Hubble diluted as the GW propagates in an expanding
background.
Let us then reconstruct the full GW, including the
source dependence, as observed a cosmological distance
away. Comparing Eq. (A10) to Eqs. (A1) and (A2), we
see that Aab = A eab, where eab is a polarization tensor
and
A =
M5/3
rFLRW
f2/3s . (A15)
The radial distance here, rFLRW, is that associated with
the FLRW conformal coordinate in Eq. (A7), and thus,
rFLRW = dM = (1 + z)
−1dL, where dM is the comoving
distance and dL is the luminosity distance. We then have
A =
M5/3(1 + z)
dL
fs(t)
2/3 , (A16)
and re-expressing this result in terms of the observable
frequency, fs = (1 + z)fo, one then finds
A =
M5/3
dL
(1 + z)5/3fo(t)
2/3 =
M
5/3
z
dL
fo(t)
2/3 (A17)
One then sees that this is identical to what one finds with
Thorne’s trick, namely Eqs. (A4) and (A5).
Appendix B: Amplitude of gravitational waves in an
inhomogeneous universe
We want to find the amplitude A satisfying
ka∇aA = −(1/2)Aθ (B1)
in the perturbed FLRW metric of eqn. (37). Here ka is
an affinely parameterized null geodesic congruence with
affine parameter λ, and θ = ∇ak
a is the divergence of
that congruence. The metric of eqn. (37) can be written
as a2(ηab + γab) where ηab is the metric of Minkowski
spacetime and
γab = −2[(Ψ + Φ)tatb +Ψηab] , (B2)
and ta is the unit vector in the time direction.
It is a standard result that if ka is an affinely parame-
terized null geodesic in the metric gab then Ω
−2ka is an
affinely parametrized null geodesic of the metric Ω2gab.
It then follows that if A is a solution of eqn. (B1) for the
metric gab then Ω
−1A is a solution of eqn. (B1) in the
metric Ω2gab. In this appendix we will calculate A for
the perturbed flat metric ηab + γab (see eqns. (B12-B13)
below). It then follows that A for the perturbed FLRW
metric of eqn. (37) is the result of eqn. (B12) multiplied
by a−1.
We start by calculating θ in the perturbed metric. We
do this two ways: first a coordinate method, like that of
[30], then a geometric method.
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We decompose ka as
ka = (1 + β)k¯a + αta + sa (B3)
where k¯a = ta + rˆa is the background value of ka, and
sa is orthogonal to both ta and ka. We will calculate
only to first order in perturbation theory. Note that α, β
and sa are all first order quantities. Therefore to zeroth
order in perturbation theory, we can use ka and k¯a in-
terchangably. Also note that k¯a∇ar = 1. Therefore to
zeroth order in perturbation theory we can use r and the
affine parameter λ interchangably.
The fact that gabk
akb = 0 immediately yields
α = −(Φ + Ψ) (B4)
A decomposition of the Christoffel symbols yields
Γcabk¯
ak¯b = tc∂λ(Φ + Ψ) + k¯
c(∂λ(Φ−Ψ)− ∂t(Φ + Ψ))
+ P ca∂a(Φ + Ψ) (B5)
where P ab = δab − rˆarˆb is the projection to the two-
sphere. The geodesic equation then yields
∂λα = −∂λ(Φ + Ψ)
∂λβ = ∂λ(Ψ − Φ) + ∂t(Φ + Ψ)
Lks
a = −2λ−1sa − P ab∂b(Φ + Ψ) (B6)
We then find
∇ak
a = ∂ak
a + Γaabk
b
= ∂a
(
(1 + β)k¯a + αta + sa
)
+ Γaabk¯
b
=
2
r
(1 + β) + ∂λβ + ∂tα+ ∂as
a + ∂λ(Φ− 3Ψ)
=
2
r
(1 + β) − 2∂λΨ+ ∂as
a (B7)
However, we have
Lk(∂as
a) = ∂a (Lks
a)
= ∂a
(
−2λ−1sa − P ab∂b(Φ + Ψ)
)
= −2λ−1∂as
a − λ−2DAD
A(Φ + Ψ) (B8)
where DAD
A is the Laplacian on the unit two-sphere.
We then find
∂as
a = −λ−2
∫ λ
0
dλ′ DAD
A(Φ + Ψ) (B9)
We also have
dr
dλ
= ka∇ar = 1 + β (B10)
Using eqns. (B9) and (B10) in eqn. (B7) we obtain
θ =
2
r
dr
dλ
− 2∂λΨ−λ
−2
∫ λ
0
dλ′ DAD
A(Φ+Ψ) (B11)
Integrating eqn. (B1) we then obtain
A =
c
r
(1 + ζ) , (B12)
where the integration “constant” c can depend on the
angle, and the quantity ζ is given by
ζ = Ψ−Ψe
+
1
2
∫ λ
0
dλ′
(λ′)2
∫ λ′
0
dλ′′ DAD
A(Φ + Ψ) . (B13)
We now turn to a geometric derivation of the result for
A. The null Raychaudhuri equation is
dθ
dλ
= −
1
2
θ2 − σabσ
ab + ωabω
ab −Rabk
akb (B14)
But our null geodesic congruence is the light cone of the
point of emission of the waves. So the shear σab and
the rotation ωab vanish in the flat spacetime background,
and their squares are second order and can therefore be
neglected in first order perturbation theory. Thus to first
order we have
dθ
dλ
= −
1
2
θ2 −Rabk
akb (B15)
which can be written as
d
dλ
(θ−1) =
1
2
+ θ−2Rabk
akb (B16)
Thus we find
θ−1 =
λ
2
+
1
4
∫ λ
0
(λ′)
2
Rabk
akb dλ′
=
λ
2
(
1 +
1
2λ
∫ λ
0
(λ′)
2
Rabk
akb dλ′
)
(B17)
We therefore have
θ =
2
λ
(
1 +
1
2λ
∫ λ
0
(λ′)
2
Rabk
akb dλ′
)−1
=
2
λ
−
1
λ2
∫ λ
0
(λ′)
2
Rabk
akb dλ′ (B18)
However we have
2
λ
−
2
r
dr
dλ
=
2
λ
−
2
r
(1 + β)
=
2
λr
(r − λ)−
2β
λ
= −
2β
λ
+
2
λ2
∫ λ
0
(
dr
dλ′
− 1
)
dλ′
= −
2β
λ
+
2
λ2
∫ λ
0
β dλ′
= −
2
λ2
∫ λ
0
λ′
dβ
dλ′
dλ′
= −
2
λ2
∫ λ
0
λ′ (∂λ′(Ψ− Φ) + ∂t(Φ + Ψ)) dλ
′(B19)
We therefore find
θ −
2
r
dr
dλ
= −
1
λ2
∫ λ
0
(λ′)
2
(
Rabk
akb
11
+
2
λ′
(∂λ′(Ψ − Φ) + ∂t(Φ + Ψ))
)
dλ′ (B20)
A standard formula for the perturbed Ricci tensor is
Rab = ∂
c∂(bγa)c −
1
2
∂c∂cγab −
1
2
∂a∂bγ . (B21)
Applying eqn. (B21) to the metric perturbation in eqn.
(B2) yields
Rab = tatb∂
c∂c(Ψ + Φ) + ηab∂
c∂cΨ + ∂a∂b(Ψ− Φ)
− 2t(a∂b)∂t(Ψ + Φ) . (B22)
Thus we find
Rabk
akb = ∂c∂c(Ψ + Φ) +
d2
dλ2
(Ψ − Φ)
+ 2
d
dλ
∂t(Ψ + Φ)
= 2
d2Ψ
dλ2
+
2
λ
(∂λ(Ψ + Φ)− ∂t(Ψ + Φ))
+ λ−2DAD
A(Ψ + Φ) . (B23)
We then find
Rabk
akb +
2
λ
(∂λ(Ψ− Φ) + ∂t(Φ + Ψ))
= λ−2
[
2
d
dλ
(λ2∂λΨ) +DAD
A(Ψ + Φ)
]
.(B24)
Using eqn. (B24) in eqn. (B20) then yields the result of
eqn. (B11). Thus the geometric method agrees with the
coordinate method.
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